The aim of this talk is to discuss the status of non-Hausdorff differential manifolds in GR. Non-Hausdorff manifolds are those (generalized) manifolds that violate the so-called Hausdorff condition -in such manifolds one can find a pair of points for which the following holds: there are no disjoint open subsets of the manifold such that one of these subsets contains the first point and not the second and the other subset contains the second point but not the first. One of the simplest examples of a non-Hausdorff manifold is the following: take two copies of the set real numbers (each of them forms a manifold) and identify them up to some point, excluding this point. More advanced examples are described in the physical literature: some extensions of Misner space-time, of Taub-NUT space-timem and of Gowdy polarized space-time are non-Hausdorff (see e.g. Hawking and Ellis 1973, Chruściel and Isenberg 1991).
My talk will be divided into two parts: the first will be formal and the second will be interpretative. In the first, formal part of the talk, I will define the basic mathematical notions that are needed to investigate non-Hausdorff manifolds and review their mathematical properties, with the special attention on those that seem to be most important physically. Although the Hausdorff condition may sound rather technical, some of its consequences seem to have rather clear physical meaning. There are known at least three of them: (1) some of non-Hausdorff manifolds allow for so-called bifurcating curves of the second kind (which cannot occur in any manifold that satisfies the Hausdorff condition), (2) elements of the same class of non-Hausdorff manifolds do not have the maximal extension, (3) the remaining subclass of non-Hausdorff manifolds (i.e., those that do not allow for bifurcating curves of the second kind) violate the strong causality condition. The interesting thing about bifurcating curves of the second kind is that some of them are bifurcating geodesics; therefore, bifurcating geodesics can occur only in (a subclass of) non-Hausdorff manifolds and cannot occur in Hausdorff manifolds. I will present theorem (by Hajicek 1971) that identifies which non-Hausdorff manifolds have the first property, i.e., allow for bifurcating curves of the second kind; it turns out that this depends on the way in which they may be obtained by gluing together Hausdorff manifolds.
In the second, interpretative part of the talk, I will discuss what conclusions should one drawn from the mathematical analyses of the first part. To this aim, I will propose a scheme for identifying an appropriate mathematical structure to describe physical systems, which consists of four stages: kinematic, dynamical, physical reasonability, and empirical. I will argue that in the case of GR, the necessary condition for passing the kinematic stage is the satisfaction of a functional criterion, according to which a basic object of GR should provide a mathematical framework for posing the problem of the evolution-distribution of matter. This criterion is satisfied by non-Hausdorff manifolds, as the violation of the Hausdorff condition does not make it impossible to define all the basic notions of differential geometry that are needed to pose the problem of the evolutiondistribution of matter. Non-Hausdorff manifolds do also pass the dynamical stage, as they can be solutions of the Einstein equation, which are dynamical equations of GR.
More problematic, however, is the third stage: non-Hasdorff manifolds violate some conditions that may seem physically reasonable. I will review the objections against physical reasonability of non-Hausdorff manifolds that may be found in the literature (Earman 2008 , Hajicek 1971 , Penrose 1979 . First, non-Hausdorff manifolds seem to allow two forms of indeterminism: at the level of test particles (because of bifurcating geodesics) and at the level of the whole spacetimes (because of the non-existence of the maximal extension). Second, bifurcating geodesics seem to cause the trouble for energy conservation. Third, those non-Hausdorff manifolds that violate the strong energy condition may be regarded as causally flawed. I will argue that these objections are not entirely decisive. To deal with some of them, I will invoke the modal interpretation of non-Hausdorff manifolds, according to which they represent bundles of alternative possible spacetimes rather than single spacetimes. The mathematical underpinning of this interpretation is the theorem that any non-Hausdorff manifold may be obtained by gluing together Hausdorff manifolds (each of these Hausdorff manifolds that are glued together should be interpreted as single spacetimes). Concerning strong causality, I will point out that its violation is not as problematic as the violation of the chronology condition (concerning the non-existence of closed timelike curves); and to argue for the strong causality condition on the basis of the chronology condition one needs substantial additional assumptions.
